
Inverting Topography for Landscape Evolution Model
Process Representation: 3. Determining Parameter
Ranges for Select Mature Geomorphic Transport
Laws and Connecting Changes in Fluvial
Erodibility to Changes in Climate

Katherine R. Barnhart1,2 , Gregory E. Tucker1,2 , Sandra G. Doty3, Charles M. Shobe1,2,4 ,
Rachel C. Glade1,5,6 , Matthew W. Rossi7 , and Mary C. Hill8

1Cooperative Institute for Research in Environmental Sciences, University of Colorado Boulder, Boulder, CO, USA,
2Department of Geological Sciences, University of Colorado Boulder,Boulder, CO, USA, 3Denver, CO, USA, 4Helmholtz
Centre Potsdam, GFZ German Research Centre for Geosciences, Potsdam, Germany, 5Institute for Arctic and Alpine
Research, University of Colorado Boulder, Boulder, CO, USA, 6Earth and Environmental Sciences Division, Los Alamos
National Laboratory, Los Alamos, NM, USA, 7Earth Lab, University of Colorado Boulder, Boulder, CO, USA,
8Department of Geology, University of Kansas, Lawrence, KS, USA

Abstract We review select mature geomorphic transport laws for use in temperate ridge and valley
landscapes and compile parameter estimates for use in applications. This work is motivated by a case study
of sensitivity analysis, calibration, validation, multimodel comparison, and prediction under uncertainty,
which required bounding values for parameter ranges. Considered geomorphic transport formulae span
hillslope sediment transport, soil production, and erosion by surface water. We compile or derive estimates
for the parameters in these transport formulae. Additionally, we address a common challenge—connecting
changes in precipitation distribution to changes in effective erodibility—by using a simple hydrologic
model and a method to estimate precipitation distribution parameters using commonly available data.
While some parameters are reasonably well constrained, others span orders of magnitude. Some, such as
soil infiltration capacity, have a direct physical meaning but are challenging to measure on geologically
relevant timescales. Through the process of compiling these ranges we identify common challenges in
parameter determination. The issue of comparable units derives from considering an exponent as an
empirically inferred coefficient rather than as an expression of a fundamental relationship. The issue of
appropriate timescales derives from the mismatch between human measurement and geologic timescales.
This contribution thus serves both as a practical compilation for applications and as a synthesis of
outstanding challenges in parameter selection for geomorphic transport laws.

1. Introduction
The surface of Earth is modified by an array of physical and chemical processes that dynamically change
its properties and shape. Major classes of the processes that act on rock and soil are (i) changes in physical
properties such as size, mechanical strength, or density; (ii) the horizontal and vertical motion of material
by entrainment, advection, and disentrainment in a transporting fluid such as ice, snow, water, or wind; (iii)
gravity-driven motion of material in the absence of such a fluid (e.g., rockfall or landslide).

A mechanistic (or at least mechanistically inspired) understanding of these processes is necessary for
applications as diverse as interpreting geologic records of faulting (Andrews & Hanks, 1985; Andrews &
Bucknam, 1987; Hanks, 2000; Pelletier et al., 2006), understanding the evolution of land surface form (e.g.,
Rosenbloom & Anderson, 1994), and addressing core questions in geomorphology such as the controls on
relief and drainage density. The rate of change of Earth's surface is slow relative to a human lifetime; thus,
opportunities to test alternative hypotheses about processes that act on geomorphic timescales in natural
environments (rather than in a scaled laboratory setting or a highly-instrumented short-term natural setting)
are limited to well-constrained natural experiments (Tucker, 2009).
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Formal testing of alternative hypotheses in process geomorphology requires a mathematical expression
that describes a process in terms of controlling independent variables (such as temperature, land sur-
face slope, surface water discharge, or upstream contributing area). Constructing such a statement first
requires a conceptual-mechanistic model of the process, typically grounded in observation and empirical
evidence. This conceptual-mechanistic model is then represented mathematically. For example, the com-
monly used mathematical model for transport of mobile material by slope-dependent processes originates
with observations by Gilbert (1877) and Davis (1892) and was formalized mathematically by Culling (1960).

In the slope-dependent transport example, the mathematical representation takes the form of a mass
flux law. Other geomorphic process models take the form of a stability criterion; an example is the
Mohr-Coulomb friction threshold for mass failure initiation. A final class of mathematical representation
includes so-called “rule-based” models—heavily informed by physical principles and mass conservation,
but not directly mechanistic. An example of this latter class would be the rule for distributing landslide
runout used by Densmore et al. (1998). Also in this category are cellular automaton models that use physical
meaningful parameters (e.g., Narteau et al., 2009; Tucker et al., 2018).

Collectively, mathematical models that describe erosion or mass flux by one or more physical processes are
referred to as geomorphic transport laws (GTLs; Dietrich et al., 2003). These authors further describe GTLs as
mathematical models that can be “observed, parameterized, and verified by field or laboratory experiment.”
Thus, GTLs may be entirely empirical or be grounded in mechanistic theory. The primary concern of our
contribution is to summarize estimates of parameter values for those GTLs that describe hillslope and valley
topography and for which sufficient efforts relating to parameter estimation have occurred to justify such a
review.

Mathematical and numerical models of Earth surface dynamics combine one or more of these mathematical
models with initial and boundary conditions to simulate real or synthetic domains, either analytically or
numerically. GTLs are used in individual or coupled sets of 1-D numerical models of hillslope and channel
profiles, in 2.5-D numerical models, and in analytical solutions for simplified (e.g., equilibrium) 1-D profile
forms. When model analysis methods (such as sensitivity analysis and calibration) are applied to Earth
surface dynamics problems, reasonable estimates and/or ranges for parameter values are necessary.

This work extended from a motivating case study described in section 2.1 that required estimates of param-
eter ranges for sensitivity analysis, calibration, validation, and prediction under uncertainty. The effort
confronted a common challenge in applying GTLs to the geologic past and future: representing changes in
climate in terms of changes in an effective rate coefficient for erosion by surface water. Thus, after describing
parameter estimates in sections 3–5, we present an approach in section 6 for linking changes in precipita-
tion through geologic time with fluvial erodibility coefficients. Our analysis of precipitation distributions
is focused at a single location and focuses on future changes in climate. However, the general approach
is portable to other locations and timescales. We end by discussing the common challenges in parameter
estimation for GTLs that our review identified.

2. Approach and Scope
Here we focus on the GTLs for processes that shape hillslope and valley topography on timescales greater
than 103 yr. Specifically we focus on the evolution of hillslopes under gravity-driven processes and the
erosion of geological materials by flowing surface water.

2.1. Motivating Case Study

This focus originates from a motivating case study in postglacial landscape evolution in western New York
state, USA. To provide context for the choice of processes and space and timescales addressed in this review,
we provide here a brief summary of the original motivating case study; the study and its objectives are
described in two companion papers (Barnhart et al., 2020b, 2020c). The study site includes two small (sev-
eral square kilometer) watersheds that are underlain by Devonian shale bedrock. The most recent glaciation
left behind thick glacial deposits in the main valley to which both watersheds drain, and since deglacia-
tion at ∼13 ka, the major streams have incised up to ∼50 m into these deposits (Fakundiny, 1985; Wilson &
Young, 2018). The study area provides an example of a practical application of landscape evolution modeling,
because the storage of radiological waste material at the site creates a need for future forecasts of long-term
erosion. This need motivates a model testing and calibration exercise based on the inferred patterns of
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landscape evolution following the most recent retreat of the Laurentide ice from the area. The two compan-
ion papers describe the site in greater detail, and present a sensitivity analysis, calibration, and validation of
37 alternative landscape evolution models in order to identify usable models for erosion forecasts at the site.

2.2. Considered Geomorphic Transport Laws

Many GTLs have been articulated for the evolution of temperate hillslope and valley topography on these
time and space scales. Of these GTLs, most remain speculative. Only a small number of proposed GTLs
have been subject to sufficient study such that multiple estimates of their parameters have been made on
the relevant timescales. We will refer to this subset as “mature” GTLs. Debris flow erosion, lateral erosion of
channel banks, and channel width adjustment are examples of relevant processes that presently lack mature
GTLs: the processes are within the domain scope we define, but either has a mathematical form that is still
in development (e.g., Langston & Tucker, 2018, for lateral erosion) or has few to no parameter estimates.
The absence of many processes from this set of “mature” GTLs motivates future work and is discussed at
the end of this contribution. We further restrict our scope by considering only mass flux and erosion-type
process expressions, and neglecting stability criterion expressions.

The studies we review derive parameter estimates from a wide range of timescales. For example, two studies
that address incision by water in well-constrained natural experiments use timescales of ∼100 yr (Whipple,
Snyder, et al., 2000) and 20 Ma (van der Beek & Bishop, 2003). While the considered timescales span
multiple orders of magnitude, the key shared quality of both studies is that they integrate over multiple
morphology-forming erosion events. Nonetheless, the compiled parameter ranges should be considered in
light of what are sometimes vastly different timescales of estimation.

We note that a long-standing goal of the scientific community is a set of mechanistically derived state-
ments for erosion and mass flux that are applicable across a wide range of time and space scales, lithologies,
and field sites. However, most of the mature GTLs do not yet meet these criteria. As we discuss further in
section 5.1.2, one common challenge is a lack of data: the scientific community may have a reasonable mech-
anistic understanding of a given process (such as evapotranspiration) yet lack information about key inputs
or state variables (such as wind speed or land surface temperature) that would be needed to apply that mech-
anistic theory on long timescales. Another common challenge is computational; for example, even if one
had perfect knowledge of the past weather, topography, and materials, it would still not be feasible (given
present technology) to compute the eddy scale, 3-D turbulent hydraulics of an evolving stream network over
thousands of years. To be useful, a GTL must be practical—both in terms of data and model state variable
requirements and computational feasibility. Hence, our focus here is on reasonably mature GTLs that are
practical in both of these senses, with an eye toward applications at the spatial scale of several square kilo-
meters or larger, and the timescale of millennia to tens of millennia (which are the applicable space and
timescales of the motivating application discussed in section 2.1).

Moreover, our choice of GTLs to review should not be taken to imply that any of them are the last or best
word on the subject. Rather, it is important to bear in mind that today's generation of mature and practical
GTLs are provisional in nature, having some basis in process theory and some explanatory power, but also
necessarily simplified, and not universally applicable. Our intention here is simply to identify parameter
ranges for several practical and widely used GTLs, to support cases in which a practitioner has decided that
using one or more of them is reasonable for their purposes.

2.3. Conservation of Mass Framework

Our consideration of GTLs is grounded in a general conservation of mass framework. We present governing
equations for two cases: gravitational transport on hillslopes (equations (1)–(3)) and erosion by channelized
and unchannelized surface water (equation (5)). When describing the case of gravitational transport we
consider the following variables: the elevation of the topographic surface 𝜂, the elevation of the bedrock
surface 𝜂b, and the thickness of a mobile regolith or soil layer H, such that

𝜂 = 𝜂b + H. (1)

The bedrock elevation is modified through the production of mobile material at a rate Ps (the thickness of
added mobile material per time), and by rock uplift relative to base level at a rate Bc(x, 𝑦, t):

𝜕𝜂b

𝜕t
= Bc(x, 𝑦, t) − Ps . (2)
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Here x and 𝑦 are the plan view dimensions and t is the time dimension. H evolves as

𝜕H
𝜕t

=
𝜌s

𝜌r
Ps − ∇ · qh, (3)

where 𝜌s∕𝜌r represents the density contrast between soil and rock, and qh is the sediment flux per unit
width due to gravity driven processes. The bold font in qh (and other symbols) indicates that this is a vector
quantity; when written as qh or |qh| it represents magnitude without regard to direction. Note also that in
this contribution we will not introduce dimensions in the text, and will only present units alongside a specific
value. The Notation section provides a compilation of all symbols, including the dimensions associated with
each quantity.

Two sets of assumptions result in two alternate forms for using equations (1)–(3). If soil thickness H is con-
sidered to have a potential influence on landform evolution, then a formal representation of H is required,
and qh may depend on H. In contrast, if one assumes that there is an unlimited thickness of mobile material,
then the mass conservation equation reduces to

𝜕𝜂

𝜕t
= −∇ · qh . (4)

The above simplification is sometimes referred to as the transport-limited assumption, because it implies
that hillslope evolution is dictated by the transport rate field (Carson & Kirkby, 1972).

When considering erosion by surface water we can write the time rate of change of land surface elevation as

𝜕𝜂

𝜕t
= Bc(x, 𝑦, t) − E, (5)

where E represents the rate of erosion (if positive) or deposition (if negative) resulting from surface water
processes.

There are a few approaches to treating E, each of which represents an alternative GTL. First, consider a
case in which the detachment of material by flowing water is the limiting process in modifying the topog-
raphy and the rate of detachment does not depend on the sediment flux carried by the flow. This case is
often called detachment limited (Howard, 1994). A variant of this case is one in which detachment of mate-
rial is the limiting process and its rate depends on the sediment flux. Second, in the transport-limited case,
it is the transport of material and not its detachment that limits the modification of the topography. The
two end-member approaches to E make no assumption about the type of material that is detached or trans-
ported; field studies have shown, for example, that disaggregated material may behave consistently with
detachment-limited theory (e.g., Hobley et al., 2011) whereas rock erosion may behave in agreement with
transport-limited theory (Valla et al., 2010). Note also that we have not distinguished between erosion by
channelized or unchannelized flow (discussed further in section 5).

As described above, mature GTLs are proposed expressions for E, qh, and Ps that have multiple parameter
estimates on relevant timescales. A summary of the expressions we consider is presented in Table 1. Each
requires one or more parameters, and the remainder of this contribution focuses on identifying a reasonable
basis for these parameters. In the following sections, we provide background for the GTLs in question. In
providing this background we do not extensively review the derivation and application of each GTL. Instead,
we focus on reviewing the literature in which parameter estimates are obtained.

2.4. Precipitation and Discharge

Because E implicitly describes the flow of surface water, we will not completely neglect the surface water
discharge, Q. However, a full review of surface and subsurface hydrologic models and the parameters
therein is beyond the scope of this contribution. Instead, in section 6 we will discuss and estimate param-
eters that describe the precipitation distribution as well as the infiltration capacity. This portion of the text
has two motivations. First, the stochastic hydrology models in the companion papers require estimates of
these parameters (Barnhart et al., 2020b, 2020c). Second, compilation of modern and future values of these
parameters allows us to address a common challenge in applying geomorphological models on geologic
timescales: the link between climate—as represented by a precipitation distribution—and the coefficients
used to calculate E.
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Table 1
Considered Geomorphic Transport Rule Formulae

Process Name Equation and Equation Number Parameters Key Reference(s)
Gravitational
transport

Linear qh = −D∇𝜂 (6) D Culling (1963)

Nonlinear qh = −D∇𝜂

[
1 +

N∑
i=1

( |∇𝜂|
Sc

)2i
]

(7) D, Sc, N Andrews and Bucknam (1987),
Roering et al. (1999), Ganti
et al. (2012)

Soil production Exponential Ps = P0 exp
(
− H

Hs

)
(8) P0, Hs Armstrong (1976)

Surface water
erosion

Vertical detachment
rate

E = max
(

KAmSn − 𝜔c, 0
)

(9) K, m, n, 𝜔c Howard (1994), Whipple and
Tucker (1999)

Modification of
topography due to
gradients in
sediment carrying
capacity

Many equations exist for qs. They are often
simplified to consider only the stream-wise
direction qs. See text for discussion

E = 1
1−𝜙∇ · qs (10) Kt , mt , nt , 𝜔t,c

= 1
1−𝜙

1
W

d(KtAmt Snt −𝜔t,c)
dx (11)

Note. Symbols are defined as they are introduced in the text as well as in the Notation and Table 2.

Whether the details of precipitation itself, or the basin hydrology characteristics that convert precipitation
into discharge, manifest in a distinct landscape morphology is an open question (e.g., Huang & Niemann,
2006, 2008). Nonetheless, we know that both sediment transport and erosion depend on surface water dis-
charge, and hence should be influenced by changes in precipitation amount and/or frequency over time.
Because the efficiency of long-term water erosion and/or sediment transport is often represented by a
lumped coefficient, it is useful to have a method by which changes in precipitation magnitude and frequency
can be expressed in terms of changes in this rate parameter. In section 6, we propose such a method.

One might argue that a better approach is to formally represent precipitation, basin hydrology, and thus
discharge in models that incorporate GTLs. However, such an approach would add considerable complexity
by requiring additional parameters that are challenging to constrain on geological timescales. We discuss
this issue further in section 7.5.

2.5. Distinction Between Geomorphic Transport Laws and Numerical Implementation

We focus on the form and parameters of mature GTLs rather than on how those GTLs might be implemented
in a 2-D numerical landscape evolution model, or in a 1-D numerical model of channel or hillslope pro-
file evolution. To this end we have been intentionally vague regarding whether a specific implementation
using GTLs considers a domain that is 1-D or 2-D. We have also intentionally not described use of math-
ematical models or GTLs using the term “landscape evolution model” (LEM). This is because our intent
is to focus on estimates of parameters used in the general application of GTLs, rather than their specific
numerical implementations either in 1-D profile models or in 2-D LEMs (for a review of LEMs, see Bishop,
2007; Coulthard, 2001; Codilean et al., 2006; Chen et al., 2014; Martin & Church, 2004; Pazzaglia, 2003;
Pelletier, 2013; Temme et al., 2013; Tucker & Hancock, 2010;Valters, 2016; Willgoose, 2005; Willgoose &
Hancock, 2011).

3. Hillslope Sediment Transport
Gravitational hillslope sediment transport is typically treated as a diffusion-like process. Table 1 describes
two different GTLs for hillslope sediment transport: linear (equation (6), Culling, 1963) and nonlinear
(equation (7), Andrews & Bucknam, 1987; Roering et al., 1999, 2001; Roering, 2008). Both laws use a soil
creep rate coefficient D; the nonlinear version adds a critical slope gradient Sc. While the mathematical
forms of equations (6) and (7) differ, the parameter D has the same meaning in both equations, as the two
are equivalent when the local slope ∇𝜂 is much greater than Sc.

3.1. Soil Creep Rate Coefficient, D

The soil creep rate coefficient D represents the efficiency with which soil is transported downslope for a given
local topographic gradient. It has dimensions of [L2/T], and estimates in the literature are often reported in
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square meters per year, square centimeters per year, or square meters per thousand years. It appears in the
equations describing soil flux (equations (6) and (7)).

Because many models assume that hillslope evolution is a diffusion-like process, this efficiency term is often
referred to as hillslope diffusivity. A variety of techniques have been used to estimate values of D in different
settings. These methods range from fitting theoretical hillslope profiles to degraded scarps (e.g., Hanks et al.,
1984; Nash, 1980; Pelletier et al., 2006) to the use of cosmogenic radionuclide measurements in conjunction
with mass-balance models (e.g., McKean et al., 1993; Small et al., 1999). The most recent comprehensive
list of published estimates is found in Richardson et al. (2019). Most estimates of D fall in the range 10−4

to 10−2 m2yr−1 and vary with mean annual precipitation, aridity index, and vegetation type (Richardson
et al., 2019).

One of the highest published estimates comes from a study which uses a model with linear diffusion to
estimate D for Wasatch fault facets (D = 0.13 m2yr−1; Petit et al., 2009). We discuss the interpretation of this
result in section 7.4.

3.2. Threshold Slope Gradient, Sc

Field and laboratory experimental work suggest a nonlinear relationship between slope angle and the rate
of downslope soil creep (e.g., Roering et al., 1999, 2001). A common representation of this relation is the
Andrews-Bucknam equation:

qs = −D∇𝜂
⎡⎢⎢⎢⎣

1

1 −
( |∇𝜂|

Sc

)2

⎤⎥⎥⎥⎦ , (12)

where ∇𝜂 is slope gradient and Sc is a critical gradient. One obvious drawback of this formulation is that it
is undefined for |∇𝜂| ≥ Sc. An alternative approach, suggested by Ganti et al. (2012), is to use the leading
terms in a truncated Taylor expansion of the Andrews-Bucknam equation using N terms. Here, we adopt
this as a useful generalization; the truncated series form, which equates to a sum of N odd-numbered powers
of |∇𝜂|∕Sc, is given in Table 1 as equation (7). As N → ∞ equation (7) converges to equation (12)

The nonlinear hillslope transport GTL includes a “critical slope” parameter, Sc. This parameter represents
the gradient near which the downslope soil flux becomes significantly greater than a simple linear formu-
lation between gradient and flux would predict. Equation (7) represents the Taylor series expansion of the
Andrews-Bucknam equation (Andrews & Bucknam, 1987). The equivalent parameter in the more famil-
iar Andrews-Bucknam equation represents the gradient at which soil flux becomes infinite; the equation is
undefined for gradients steeper than this value and hence equation (7) is preferred.

Published estimates of Sc in the Andrews-Bucknam equation come from either sand-pile experiments or
terrain analysis. Roering et al. (2001) report values of Sc = 0.6 from sand pile experiments. One approach to
terrain analysis uses a slope versus curvature plot to infer a value for Sc. Using this method, Roering et al.
(1999) report values of Sc = 1.25± 0.1 for the Oregon Coast Range and Roering et al. (2007) report values of
Sc = 1.2±0.4 for Gabilan Mesa, California. A second terrain analysis approach uses a hillslope length versus
relief plot to infer Sc (Grieve et al., 2016). This method yields values of Sc = 0.57 for Coweeta, North Carolina;
Sc = 0.79 for the Oregon Coast range; Sc = 0.8 for Gabilan Mesa, California; and Sc = 0.7254 ± 0.0015
(Grieve et al., 2016, their Figure 10).

These two topographic analysis methods produce different values for the same sites. As discussed by Grieve,
Mudd, and Hurst (2016) and Grieve, Mudd, Hurst, and Milodowski (2016), the estimate from hillslope
length-versus-relief plots reflects an average Sc value, whereas estimates from slope-versus-curvature plots
constrain the upper bound of Sc. Table 2 lists a broad range for Sc of 0.6 to 1.4.

4. Soil Production
Next we discuss parameters that describe the rate of soil production. There are many processes that con-
tribute to soil formation, but to date the only GTL that has a substantial body of field evidence describes the
relationship between soil production and soil depth.

We review four forms of the relationship between soil production and soil depth. Young (1963) and Culling
(1965) both suggested a hyperbolic relationship in which soil production goes as ∼ 1∕H. Armstrong (1976)

BARNHART ET AL. 6 of 34



Journal of Geophysical Research: Earth Surface 10.1029/2019JF005287

Table 2
Compiled Parameter Names, Ranges, and Units

Symbol Description Units Lower bound Upper bound
Gravitational transport
D soil creep coefficient m2yr−1 10−7 10−1

Sc critical slope gradient m.m−1 0.6 1.4
Soil production
P0 maximum soil production rate m.yr−1 10−6 10−3

Hs soil production depth scale m 0.2 0.7
Surface water erosion
m detachment-limited drainage area exponent - See section 5.4
mt transport-limited drainage area exponent - See section 5.4

n detachment-limited slope exponent - See section 5.4
nt transport-limited slope exponent - See section 5.4
K detachment-limited stream power erosion coefficient m(1−2m)yr−1 10−15 100

Kt transport-limited stream power erosion coefficient m(3−2mt)yr−1 1 × 10−8 1 × 10−3

𝜔c erosion threshold m.yr−1 0.0 see text

Note. All symbols are also defined with dimensions in the Notation section.

suggested a form in which the rate of soil production decreases exponentially with increasing soil thickness.
A third form is the “humped” expression in which soil production reaches a maximum under some thickness
of soil and then decreases with further increases in soil thickness (described by Cox, 1980, as “Kirkby's
hypothesis”). The final proposed form is a power law expression based on percolation theory (Hunt, 2015;
Hunt & Ghanbarian, 2016). The primary parameter used in this expression is based on the net infiltration
rate. With the exception of the final, power-law form, no proposed forms are theoretically linked with a
mechanism of soil production.

The core observations that constrain the parameters used by or distinguish between any of the four forms
described above are the same: observations of soil thicknesses and cosmogenic radionuclide-derived ages.
In the remainder of this section we only discuss parameter estimates associated with the exponential form
because it has received the most scrutiny in the literature.

Evidence for a humped function comes from observations of cosmogenic radionuclide-based
soil-production-functions from select sites (e.g., Heimsath et al., 2009). It has more parameters than the
two-parameter exponential expression: the form proposed by Kirkby and described by Cox (1980) has five
parameters while that used by Anderson (2002) has four parameters. We do not consider the humped form
here because of the increased number of parameters required to describe it and the smaller number of
studies that provide empirical support for it.

Hunt (2015) compares the exponential-decay and power-law based expressions and finds nearly equivalent
regression performance (exponential decay R2=0.46; power law R2=0.48). He argues that because the fit-
ted power is close to the result predicted by percolation theory, the power-law form should be preferred.
While this expression shows promising performance, we do not consider it because it has only recently been
proposed and is not commonly considered.

4.1. Maximum Soil Production Rate, P0

Several studies have used cosmogenic radionuclide analysis to estimate the maximum soil production rates,
which corresponds to the erosion model parameter P0. Stockmann et al. (2014) compiled field-estimated
rates and found that they range from 7× 10−6 to 2× 10−3 m. yr−1. The lowest rate derives from a rocky, high
alpine environment, and the highest in a temperate climate at a site experiencing rapid rock uplift. Based on
these studies, a reasonable range for calibration and sensitivity analysis, rounding to orders of magnitude,
is 10−6 to 10−3 m. yr−1.
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4.2. Soil Production Characteristic Depth Scale, Hs

Studies have shown the soil production decay depth to be approximately 0.5 m in a number a sites around
the world (Heimsath et al., 1997, 1999, 2001; Heimsath et al., 2001; Rosenbloom & Anderson, 1994). Here a
bounding range of 0.2–0.7 m is recommended.

5. Erosion by Surface Water
Next, we consider two GTLs that treat erosion by flowing water. We will not distinguish between erosion by
flowing water in unchannelized areas (e.g., overland flow on hillslopes) and in channels. While we will use
GTLs derived for channelized flow, we note that similar discharge slope, area slope, and length slope forms
have been used to address runoff erosion on hillslopes (Flanagan et al., 2001; Kirkby, 1969, 1994; Kirkby
et al., 1998; Kirkby & Cox, 1995; Prosser & Rustomji, 2000, 1995).

Equations (9) and (10) present mature GTLs for the vertical detachment of material by surface water and
modification of topography due to gradients in sediment carrying capacity (Howard, 1980; Howard & Kerby,
1983; Howard et al., 1994; Snow & Slingerland, 1987; Willgoose et al., 1991a; Whipple & Tucker, 1999;
Whipple, 2004). We consider only vertical erosion, because theory for lateral erosion and valley widening
remains a frontier (e.g., Hancock & Anderson, 2002; Langston & Tucker, 2018).

5.1. Detachment of Material by Flowing Water and the Parameter K

5.1.1. Theoretical Background

The form of the governing equation for detachment has been extensively discussed in the literature (e.g.,
Howard & Kerby, 1983; Howard et al., 1994; Whipple & Tucker, 1999). The formulas derive from a statement
that erosion is related to excess shear stress or stream power per unit area of channel bed (unit stream power):

E = ke1
(
𝜏 − 𝜏c

)a (13)

for the shear stress case, or

E = ke2
(
𝜏U − 𝜏cU∗

c
)a (14)

for the unit stream power case. Here ke1 and ke2 are generic erosion efficiency constants, U is the water
velocity, U∗

c is the critical shear velocity, 𝜏 is the bed shear stress, and 𝜏c is the threshold shear stress below
which no detachment occurs. The exponent a has been proposed to reflect the physical process by which
particles are detached from the channel bed (Whipple & Tucker, 1999; Whipple, Hancock, et al., 2000). An
alternative form that has analytical advantages results from distributing the exponent to each of the terms
inside of the parenthesis (Tucker, 2004, his equation (7)). For example, equation (14) becomes

E ∼ ke2

[
(𝜏U)a −

(
𝜏cU∗

c
)a
]

(15)

Transforming equations (13) or (14) into the form presented in equation (9) requires a statement of conser-
vation of mass for water, conservation of momentum, a channel hydraulic geometry that relates Q to channel
width, W , and a friction relationship to calculate 𝜏 (e.g., Howard, 1994; Tucker & Slingerland, 1997).

On the one hand, we might expect a more robust empirical relationship between E and shear stress or stream
power because these quantities represent the channel hydraulics that are fundamental to the erosion pro-
cess. However, in many applications, especially those operating in geologic time, it is not possible to know
the channel hydraulics (and thus shear stress or stream power) with much precision. In such applications,
it is common to assume an “effective” value of discharge—one whose geomorphic effect is equivalent to
that of a natural sequence of flows over a long time period. The effective discharge, in turn, is assumed to
scale with drainage area (A). Using drainage area as a proxy for stream discharge represents a considerable
simplification to drainage basin hydrology and is not appropriate for all applications, but it makes a con-
venient practical choice for many long-term applications because drainage area can be calculated directly
from topography.

Shear stress or stream power are often calculated based on A using a basin hydrology and channel hydraulic
scaling relationship. The basin hydrology scaling is given as

Q = kqAcq (16)
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where kq and cq are positive constants determined by fitting empirical data for basin characteristics (Gleason,
2015; Hack, 1957; Slingerland et al., 1994). Here Q is the geomorphically effective discharge (Wolman &
Miller, 1960). When cq = 1, then kq can be thought of as an “effective runoff rate.” Similarly, channel width
can be represented as a function of discharge using the hydraulic geometry relation:

W = kwQcw (17)

where kw and cw are positive constants (Leopold & Maddock, 1953; Yalin, 1992). In our compilation we will
focus on estimates made as a function of A.

Choices relating to the value of a, the Q ∼ W scaling, and the choice of friction relationship used (e.g.,
Chezy, Darcy-Weisbach, Manning), all manifest in different values for m and n, the area exponent, and the
slope exponent in equation (9). Whipple and Tucker (1999) provide a derivation of these equations including
a description of how scaling coefficients and exponents all combine into the values for K, m, and n (their
equations (8)–(10)). The choice of exponent values is discussed further in section 5.4. In applications for
which it is necessary to track the fate of the detached sediment (e.g., for deposition in an alluvial fan), one
approach is to calculate the cumulative sediment flux using the upstream integral of E.

Equation (9) is commonly called the stream power incision model and it represents a considerable simplifi-
cation of water erosion. It is widely used because its two state variables, S and A, can be calculated directly
from topographic data, and because it has a small number of parameters. A wide variety of literature has
explored its successes and failures (see review by Lague, 2013). It is generally regarded as a formulation
for long timescales, over which many erosion events occur. The stream power model can account for pri-
mary features such as concave-upward channel profiles and migrating knickzones. One would not expect
it to perform well on single-event timescales (see, for example, such a test in Beer & Turowski, 2015). Tests
of this and other fluvial GTLs require well-constrained natural experiments (Tucker, 2009). These usually
require the reconstruction of initial (paleo) landscapes or river long profiles, and typically attempt to invert
for various unknown quantities by simulating long profile evolution from the past to the present (Attal et al.,
2011, 2008; Hobley et al., 2011; Tomkin et al., 2003; van der Beek & Bishop, 2003; Valla et al., 2010; Whipple,
Snyder, et al., 2000).

Equation (9) neither captures all observations nor represents a complete mechanistic understanding of
erosion by flowing water (the achievement of which remains a work in progress in the scientific commu-
nity), but it does represent a practical choice for certain applications in long-term landform evolution. For
those applications, practitioners need parameter constraints—and hence one focus of this work is to review
available estimates for those parameters.
5.1.2. Sediment Flux Dependent Incision

Equation (9) does not explicitly describe a dependence of the rate of erosion on the flux of sediment in the
river, qs, relative to its sediment carrying capacity qc. Yet sediment can influence stream incision in two
ways: providing tools with which to erode the bed (Foley, 1980; Sklar & Dietrich, 1998, 2004), and shielding
the sub-sediment bed material from hydraulic stress and sediment impacts (Gilbert, 1877).

Laboratory efforts have worked to document and characterize both “tools” and “cover” effects
(Chatanantavet & Parker, 2008; Finnegan et al., 2007; Johnson & Whipple, 2007, 2010; Shepherd, 1972; Sklar
& Dietrich, 2001; Shepherd & Schumm, 1974). Theoretical efforts to describe both effects originated with
Sklar and Dietrich (2004), were extended by Lamb, Dietrich, and Sklar (2008) to include the effects of sus-
pended load, and reparameterized using dedicated experimental data by Auel et al. (2017). Field studies
focused on event and seasonal timescales have found evidence for both effects (e.g., Beer & Turowski, 2015;
Inoue et al., 2014; Johnson et al., 2010; Turowski & Rickenmann, 2009; Turowski et al., 2008; Yanites et al.,
2011). Over longer timescales evidence for sediment flux dependence on incision comes from analysis of
river incision patterns (Cowie et al., 2008; Finnegan et al., 2008; Hobley et al., 2011; Johnson et al., 2009).
Finally, modeling studies have explored how these effects manifest in real and synthetic landscapes (e.g.,
Gasparini et al., 2006; Hobley et al., 2011; Sklar & Dietrich, 2006; Whipple & Tucker, 2002).

The extensive mechanistic theory (Sklar & Dietrich, 2004; Lamb, Dietrich, & Sklar, 2008; Turowski et al.,
2007) and validation by field and laboratory measurements provides evidence and support for a more com-
plex GTL than equation (9) that incorporates sediment flux dependence. However, field studies document
complex relationships between the functional form of sediment flux dependence, within-event discharge
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and sediment supply variability (e.g., Turowski & Rickenmann, 2009). This evidence illustrates the difficulty
of implementing sediment flux dependence on geologic timescales. Modeling studies which incorporate sed-
iment flux dependence typically use a function 𝑓 (qs∕qc) that is bounded between 0 and 1 to represent the
effect of sediment flux dependence (e.g., Gasparini et al., 2006; Hobley et al., 2011). How to parameterize
𝑓 (qs∕qc) for use in long-timescales is an open question.

For this reason we will not discuss parameters that describe sediment flux dependence in the context of a
GTL. This decision highlights the double-edge of short-timescale studies in constraining GTLs. The dynam-
ics of sediment transport, impacts, and cover can be studied on event and seasonal timescales—this results
in observations of complexities that are difficult to implement on long timescales, in models that do not
explicitly resolve events (or even discharge), and do not formally represent channel width. We discuss this
further in Section 7.5.
5.1.3. Methods to Estimate the Detachment-Limited Erodibility, K

The most common approach to estimate values for the erodibility coefficient is to use well-constrained river
systems in which an initial condition topography is known. m, n, and K are then estimated to minimize
the misfit between observed and end-of-model-run topographic profiles (Gran et al., 2013; Hobley et al.,
2011; Rosenbloom & Anderson, 1994; Stock & Montgomery, 1999; Valla et al., 2010; van der Beek & Bishop,
2003; Whipple, Snyder, et al., 2000). We omit the results of Tomkin et al. (2003) because they did not find
acceptable fits for the detachment-limited model. Comparison of alternative incision models indicates that
multiple formulations can make reasonable fits with the same topographic data at a given site (Hobley et al.,
2011; Valla et al., 2010; van der Beek & Bishop, 2003), indicating either that different landscapes require
different models, or that comparison techniques struggle to resolve differences between models.

As described above, we focus here on coefficients relating E with A and S. We thus omit from this compilation
the results of Lavé and Avouac (2001) because they present a K-like constant in terms of excess nondimen-
sional stress (defined below in equation (22)). We also omit the work of Garcia-Castellanos and O'Connor
(2018) who present their estimates in terms of excess shear stress and focus on outburst floods. While such
events can be constrained, their hydraulics differ substantially from most river systems. These are two stud-
ies that fit the uncommon category of having sufficient constraints to estimate channel hydraulics in the
geologic past.

Another approach is to use knickpoint retreat models to estimate values for K (Berlin & Anderson, 2007;
Crosby & Whipple, 2006). We only make a tentative comparison with these two studies as knickpoints are
areas where flow hydraulics and erosion processes are known to deviate significantly from the assumptions
of steady uniform flow that underpin the derivation of the equation containing K.

The final approach for estimating K that we discuss is that of Harel et al. (2016) who compiled 1,457 10Be
catchment-averaged erosion rates from around the world and compared them with topographic indices.
Calculated K values range globally by approximately 15 orders of magnitude (from 10−15 to 100 yr−1, the
min-max range of Harel et al. (2016, Figure 6 “global” panel), with median global K being 2.9×10−10 ±1.0×
10−9 yr−1. This approach assumes that catchment-averaged erosion rates are representative of river incision
and but does not assume that basins are in topographic steady state.

Some of the trends in K values reported by Harel et al. (2016) follow expected patterns. For example, aver-
age K values found in rivers eroding igneous rocks are several orders of magnitude lower than those found
in rivers eroding sedimentary rocks. While not directly comparable, this result is consistent with that of
Garcia-Castellanos and O'Connor (2018) who found a consistent relationship between lithology and erodi-
bility and found variations of 2 orders of magnitude within lithology classes. Additionally, the variability in
K within a given climatic or lithologic regime is substantially less than the global range. The results of Harel
et al. (2016) support the conclusion that global variability in K is enormous, but that K is less variable within
a specific field site.
5.1.4. Unit Conversions and Estimates of K

Identifying appropriate a priori values for the erodibility constant K is difficult given the number of variables
wrapped up in these parameters (e.g., Whipple, Hancock, et al., 2000). However, a number of researchers
have sought to infer effective values of K from field, topographic, and geochronologic data (Table 3).
In many cases authors considered both detachment-limited and transport-limited formulations in fitting
observations with theory.
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Table 3
Unconverted Erodibility Coefficient, K

Coefficient Units Reference Method
0.11 m0.22yr−1 Howard and Kerby (1983) Least squares regression

of measured erosion rate,
drainage area, and slope

4.1 × 10−7 to 1.1 × 10−2 m0.2yr−1 Stock and Montgomery (1999) Comparison of topographic
profiles and stream power
model

2.4 × 10−4 to 9.0 × 10−4 m0.2yr−1 Whipple, Snyder, et al., (2000) Natural experiment of incision
over ∼100 years

7.0 × 10−7 m0.4yr−1 van der Beek and Bishop (2003) Comparison of topographic
profiles and a detachment
limited stream power model

10−6 m0.4yr−1 van der Beek and Bishop (2003) Excess stream power model
7.9 × 10−9 m1−2myr−1 Crosby and Whipple (2006) Knickpoint retreat model
3.33 × 10−8 to 2.87 × 10−7 m1−2myr−1 Berlin and Anderson (2007) Knickpoint celerity model
10−15 to 100 yr−1 Harel et al. (2016) Comparison of 10Be

catchment-averaged erosion
rates and topographic indices

The values of m and n (or mt and nt) used in and within each of these studies vary because the scaling
exponents are often parameters fit by minimizing model data misfit. However, changing the value of m or mt
changes the units of K. We thus convert the reported values of K into a form with consistent units (Table 4).
One of the complications associated with the area slope erosion law is that the units of K depend on the
exponent m, estimates of which vary among different studies. It is impossible to meaningfully compare K
values with different units. We converted published K values into standardized (and therefore comparable)
values with consistent units, using reference values of the exponents m and n.

To convert from a published erosion coefficient value, denoted here as Kp, with slope and area exponents
of mp and np, to a standardized value Kc, we need reference values of m and n (denoted as mr and nr), a
reference slope Sr and a reference area Ar . The standardized erosion coefficient, Kc, is obtained from

Kc = KpA(mp−mr)
r S(np−nr)

r , (18)

with mr = 0.5, nr = 1, using two reference values of drainage area Ar (106 and 107 m2) and two reference
values of slope Sr (0.1 and 0.01). The values chosen for mr and nr reflect the assumption that E goes linearly
with stream power. A more extensive discussion of exponent values is presented in section 5.4. The use of
two Ar and two Sr values yields four different values of Kc for each Kp estimate; for any given Kp value, the
resulting range of Kc may span orders of magnitude.

Clearly, the results of conversion depend on the values of Ar and Sr . Here the reference areas and slopes
were chosen to reflect a relatively small, steep catchment. While this approach is heuristic, it allows us to
extract estimates of K from studies that find a wide range of best fit m and n values (e.g., van der Beek &
Bishop, 2003). Short of recomputing long profile model fits with standardized m and n values, we know of
no other way to standardize the units of K, as there is no single characteristic slope and drainage area with
which to standardize K. The values calculated in this manner are “comparable” in that they have the same
units. It is difficult to assess the extent to which they compare to refitted estimates with consistent m and n
without undertaking such an exercise. The issue of comparable Ks is further discussed in section 7.3

Note that Table 4 excludes values reported from studies that (a) were focused on modeling knickpoint retreat
(Berlin & Anderson, 2007; Crosby & Whipple, 2006), or (b) used equations requiring other variables to be
calculated, measured or assumed a priori. Examples of these include transport-limited formulations requir-
ing a median grain size (D50), shear stress-based models including a critical shear stress term, or sediment
flux-dependent river incision models (e.g., Hobley et al., 2011; van der Beek & Bishop, 2003).
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Table 4
Selected Converted Simple Stream Power Erodibility Coefficient (K) Values

A (m2) S K (y-1) Reference Lithology
106 0.1 1.03 × 10−7 to 2.8 × 10−3 Stock and Montgomery

(1999)
Lithology varies from
granite to mudstone

107 0.1 8.18 × 10−8 to 2.2 × 10−3

106 0.01 1.03 × 10−7 to 2.8 × 10−3

107 0.01 8.18 × 10−8 to 2.2 × 10−3

106 0.1 0.10 Howard and Kerby
(1983)

Clayey sand

107 0.1 0.09
106 0.01 0.21
107 0.01 0.18
106 0.1 2.26 × 10−4 to 6.03 × 10−5 Whipple, Snyder, et al.,

(2000)
Sandstone

107 0.1 1.78 × 10−4 to 4.79 × 10−5

106 0.01 2.26 × 10−4 to 6.03 × 10−5

107 0.01 1.78 × 10−4 to 4.79 × 10−5

106 0.1 2.0 × 10−9 van der Beek and Bishop
(2003) Detachment
Limited m=n=1

Metasedimentary and
metavolcanics

107 0.1 6.32 × 10−9

106 0.01 2.0 × 10−9

107 0.01 6.32 × 10−9

106 0.1 1.18 × 10−7 van der Beek and Bishop
(2003) Detachment
Limited m=0.4, n=1

Metasedimentary and
metavolcanics

107 0.1 9.38 × 10−8

106 0.01 1.18 × 10−7

107 0.01 9.38 × 10−8

5.2. Representation of Channel Width and Grid-Scale Dependence

The focus of this contribution is in parameter values for GTLs rather than numerical implementation. In this
section we make an exception and discuss the representation of channels in numerical implementations of
GTLs for water erosion because of a documented grid-scale dependence of 2-D model behavior (e.g., Perron
et al., 2008; Schoorl et al., 2000). This dependence occurs because contributing area is grid-scale dependent
for planar (but not convergent) regions of topography (Pelletier, 2010) and because valley bottoms are not
resolved by the 2-D domain. Models which represent a channel-long profile through a single 1-D profile or
a network of profiles do not suffer from this scale dependence. In contrast, 2-D models that use drainage
area may suffer from scale dependence because they contain a network of 1-D channels embedded in a 2-D
mesh of hillslopes.

When detachment-limited erosion is implemented in a 2-D model some authors propose use of a correction
factor or algorithmic adjustment in order to remove a grid cell size dependence (Armitage, 2019; Howard,
1994; Perron et al., 2008; Pepin et al., 2010; Passalacqua et al., 2006; Pelletier, 2010). This grid-scale depen-
dence is potentially problematic for inversion of landscapes using 2-D numerical implementations to infer
absolute, scale-independent values for K because the estimated value may be sensitive to the grid cell size.
We note that when an inversion approach is used in the studies discussed in the prior section, a 1-D channel
profile model was used, and these 1-D-based estimates would not be expected to include any grid-scale bias.

Whether inversions using 2-D numerical implementations to infer K from natural experiments are sensi-
tive to the documented grid-scale dependence or any of the proposed approaches to address it is an open
question that is worthy of further investigation. Ultimately the importance of scale effects depends on the
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use, interpretation, and intended transferability of an inferred value of K, as well as the relative sources of
uncertainty in its estimate.

5.3. Transport-Limited Incision Rate: Forms of qs and the Parameter Kt

5.3.1. Theoretical Background

In settings where the detachment of material from the ground is not limiting, the rate of change of the
elevation of the land surface is described by the divergence of sediment flux (equation (10)). Mathematical
statements describing the modification of topography due to gradients in sediment carrying capacity are
based on laboratory flume and field measurements of sediment flux, typically bedload. These expressions
are often called “transport limited.”

Many sediment transport formulas describe the relationship between the dimensionless Einstein bed load
number q∗, the nondimensional boundary shear stress (Shields stress) 𝜏∗, and sometimes the critical Shields
stress 𝜏∗c :

q∗ = 𝑓 (𝜏∗) (19)

or

q∗ = 𝑓
(
𝜏∗, 𝜏∗c

)
, (20)

with q∗ is defined as

q∗ =
qs

Ds
√

RdgDs

. (21)

and 𝜏∗ given as

𝜏∗ = 𝜏

𝜌wRbgDs
(22)

where 𝜏 is the dimensional boundary shear stress, 𝜌w is the density of water, Rb is the nondimensional
bouyant density (Rb = (𝜌s − 𝜌w)∕𝜌w), g is gravitational acceleration, and Ds is the grain size. Formulations
that consider multiple grain size fractions have been developed (e.g., Wilcock & Crowe, 2003) but we do not
consider them here for the sake of brevity.

Many empirical sediment transport equations (e.g., Meyer-Peter & Müller, 1948; Wong & Parker, 2006) can
be synthesized to the form

q∗ ∼ (𝜏∗ − 𝜏∗c )
3∕2 , (23)

while the Einstein-Brown equation (Einstein, 1950; Howard, 1994; Willgoose et al., 1991a) can be approxi-
mated by

q∗ ∼ (𝜏∗)3 . (24)

Despite the diversity of sediment transport formulae, when employed as a GTL they are commonly
simplified to the form

qs =
Qs

W
=

KtAmt Snt − 𝜔t,c

W
(25)

where Qs is the volumetric sediment flux, W is flow width, Kt is an erodibility coefficient, mt and nt are
positive dimensionless coefficients, and 𝜔t,c is a threshold for transport that may or may not be included
(e.g., Hancock et al., 2010, 2018; Smith & Bretherton, 1972; Tomkin et al., 2003; van der Beek & Bishop, 2003;
Valla et al., 2010). Equation (25) incorporates the basin hydrology and channel hydraulic geometry scaling
of equations (16) and (17) as well as a friction relationship to calculate 𝜏. When the threshold for transport
is omitted it may be done for analytical reasons or because the authors argue that the threshold if negligible
for flows of interest. The following section determines values for Kt, mt, nt, and 𝜔t,c using this approach.
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5.3.2. Relating qs to A and S

To express qs as a function of A and S, one must start from a sediment transport formula. We present here an
example of how to do this, using the Meyer-Peter Müller formula of Wong and Parker (2006). Our derivation
is similar to that of Gasparini et al. (2004) and Willgoose (2018, his equation (4.15)). We begin by converting
equation (23) to the dimensional form.

qs =
3.97

𝜌1.5
w Rbg

(
𝜏 − 𝜌wRbgDs𝜏

∗
c
)1.5

. (26)

For q∗ ∼
(
𝜏∗ − 𝜏∗c

)1.5 scaling, the grain size, Ds, remains in the threshold portion of the equation representing
the dimensionalized form of 𝜏∗c . If Einstein-Brown scaling q∗ ∼ (𝜏∗)3 is used, then no threshold is present
but qs ∼

(
Ds

)−1.5.

Assuming uniform flow in a wide channel, we can write 𝜏 ≈ k𝑓q𝛼S𝛽 with q as surface water discharge per
unit width, k𝑓 , 𝛼, and 𝛽 as constants whose values can be derived from a friction law such as the Manning
equation or Darcy-Weisbach equation (Tucker, 2004). For the Manning equation 𝛼 = 3∕5, 𝛽 = 7∕10, and
k𝑓 = 𝜌wgn3∕5

m , where nm is the roughness. For the Darcy-Weisbach equation 𝛼 = 2∕3, 𝛽 = 2∕3, and k𝑓 =(
𝜌wg2∕3𝑓 1∕3) ∕2, where 𝑓 is the roughness parameter. Incorporating this into equation (26), multiplying by

W to acknowledge that Qs = Wqs, and simplifying the exponent by distributing it yields

Qs =
3.97W
𝜌1.5

w Rbg

[(
k𝑓q𝛼S𝛽

)1.5 −
(
𝜌wRbgDs𝜏

∗
c
)1.5

]
(27)

Combining our equations for basin hydrology and channel hydraulic geometry (equations (16) and (17)) we
can get an expression for q in terms of A

q =
k(1−cw)

q

kw
Acq(1−cw) . (28)

Substituting equation (28) into equation (27) and reorganizing to obtain a form of Qs = KtAmt Snt we obtain
expressions for mt = 1.5𝛼c2

qcw(1 − cw), nt = 1.5𝛽,

Kt =
3.97
Rbg

(
k𝑓k𝛼cw(1−cw)

q

𝜌wk(𝛼−2∕3)
w

)1.5

. (29)

and

𝜔t,c = 3.97kwkcw
q Acwcq

(
Rbg

)0.5(Ds𝜏
∗
c
)1.5 (30)

The dependence of 𝜔t,c on drainage area reflects the dependence of shear stress on discharge over width,
each of which are represented by a scaling relationship with drainage area (equations (16) and (17)). In the
next section, we provide a back-of-the-envelope calculation of Kt.
5.3.3. Estimates of the Transport-Limited Erodibility, Kt

We describe three approaches for determining the value of Kt. One follows directly from empirical sedi-
ment transport formulas, the algebra for which was presented in the prior section. The second and third
approaches infer effective values for Kt, mt, and nt over a study timescale given either (a) observations of
runoff, discharge, and sediment loss or (b) channel long profiles.

In the first approach we perform a back-of-the-envelope calculation of Kt using equation (29). We identify
plausible ranges input values and use them to identify a bounding range for Kt.

Some of the coefficients required to calculate Kt in this way are readily available. For example, 𝜌w =
1, 000 kg m−3, and given a wide range of sediment densities of 𝜌r = 1,200–3,300 kg.m−3, Rb=0.2–2.3. While
𝜌r for volcanic ash or scoria is less than 1,000 kg m−3, we consider this a fringe case; for quartz grains in
water, Rb ≈ 1.65. For natural channels, Manning's coefficient nm varies from 0.01–0.1 m−1∕3s (Barnes, 1967;
Bathurst, 2002), while the Darcy-Weisbach roughness parameter from 0.01–1 (unitless) (Bathurst, 2002;
Wong & Parker, 2006). These ranges results in comparable ranges for 𝜏.
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The scaling exponent between discharge and channel width is commonly assumed to be cw ∼ 0.5 (Leopold
& Miller, 1956; Wohl & David, 2008). We consider a range of cw = 0.37–0.62 based on the 95% confidence
interval of Wohl and David (2008). Using cw = 0.5, data presented in Leopold and Maddock (1953) implies
that kw = 5.5–9.1 m−0.5 s0.5. The scaling exponent between discharge and area cq commonly ranges between
0.7 and 1, depending on the choice of representative discharge (such as mean annual versus bankfull) and
the basin characteristics (Dunne & Leopold, 1978).

The parameter kq is more difficult to constrain. Recall that it relates scaled drainage area to discharge, but
is applied within a theoretical framework that assumes steady uniform flow. Thus, it must represent the
shear stress imparted by a geomorphically effective event—likely constrained to short time periods relative
to geomorphic timescales. The implicit assumption in this formulation is that the discharge approximated
by kqAcq is appropriate to apply uniformly in time. It represents an effective discharge, whose net geomor-
phic impact is equivalent to that of a natural sequence of flow events of varying frequency and magnitude.
In principle, the effective value of kq can be linked to the statistics of either stream flow or precipitation
(Lague et al., 2005; Molnar, 2001; Tucker & Bras, 2000; Tucker, 2004; Willgoose et al., 1991a), though review-
ing this connection lies beyond the scope of this contribution. Here we attempt to constrain the order of
magnitude of kq in the case where cq is unity, and take as bounding values the order of magnitude of rainfall
(0.001–30 m.yr−1).

The dimensions depend on the values of cw, cq, and 𝛼. Assuming cw = 0.5, cq = 1, and 𝛼 = 2∕3
(Darcy-Weisbach friction relationship) the dimensions would be [LT−1]. Across all permutations (and thus
variable units) we obtain a range for Kt of 10−4–10−1 m.yr−1. Variation is primarily controlled by the value
of the drainage basin hydrology coefficient kq.

A second approach is to estimate Kt based on long channel profile fits, similar to that described in
Section 5.1.3 and was taken by Tomkin et al. (2003), van der Beek and Bishop (2003), and Valla et al. (2010).
Among these, only Valla et al. (2010) found that a transport-limited erosion law successfully accounted for
the observed longitudinal profile morphology at their study site. They reported estimates of Kt ranging from
2 × 10−6 to 3 × 10−5 m.yr−1 (mt = nt = 1).

A third approach determines estimates a value for Kt by relating the observed discharge and sediment flux
data. This approach has been used, for example, to estimate channel sediment transport parameters for the
SIBERIA numerical model (Hancock et al., 2000; Moliere et al., 2002; Willgoose & Riley, 1998). Several stud-
ies have taken this approach (Hancock & Willgoose, 2001; Hancock et al., 2000, 2010, 2011, 2018; Moliere
et al., 2002; Willgoose & Riley, 1998, 2002). Data deriving from such studies can in principle be used to esti-
mate effective values of Kt (note that incomplete reporting of units in the above studies precludes including
their results in Table 2).

5.4. Discharge and Slope Exponents m, mt , n, and nt

For detachment-limited and erosion-deposition models, there are a few permutations of the values of m and
n, each derived from a different set of assumptions regarding physical processes. In this way, changing a
value of m or n may be considered the construction of a different model.

If one assumes that the rate of river incision depends on stream power per unit surface area and the channel
width is proportional to the square root of discharge, then m = 1∕2 and n = 1 (Whipple & Tucker, 1999).
Use of total stream power yields m∕n = 1 (Seidl & Dietrich, 1992; Seidl et al., 1994). If instead of stream
power, one uses the shear stress 𝜏, then the values of m and n depend on the formula for channel roughness.
Use of the Manning equation yields m = 3∕5 and n = 7∕10 (Howard & Kerby, 1983; Howard, 1994), while
use of the Darcy-Weisbach roughness law yields m = 1∕3 and n = 2∕3 (Tucker & Slingerland, 1997).

Additional considerations in setting m and n may be derived from a known physical mechanism of
detachment. Whipple, Hancock, et al. (2000) suggest, on the basis of a theoretical argument, that
detachment-limited slope exponent n between 2/3 and 1 is consistent with erosion by plucking, while an
exponent of ∼5/3 is consistent with suspended-load abrasion. Differences in m can reflect different scaling
in the relationship between channel width and drainage area (Snyder et al., 2003; Wohl & David, 2008). In
principle, for a drainage network undergoing steady, uniform erosion of homogeneous material, the m∕n
ratio is equal to the concavity index, 𝜃, defined by

S = A−𝜃, (31)
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where S is channel gradient and A is drainage area (Whipple & Tucker, 1999). Observed concavities range
from < 0.3 to > 1.0, with most values close to 0.5 (see summary in Tucker & Whipple, 2002).

As with the detachment-limited exponents, the transport rate exponents mt and nt combine information
about use of unit stream power or shear stress, the hydraulic geometry, and the sediment transport expres-
sion that relates q∗ with 𝜏∗ and 𝜏∗c . The use of the Manning equation, a wide channel, and the Einstein-Brown
formula yields mt ∼ 2, nt ∼ 2 for sand rivers with active sediment transport (Smith & Bretherton, 1972;
Willgoose et al., 1991a). Such values are consistent with observed channel concavities given the
transport-limited concavity 𝜃t =

(
mt − 1

)
∕nt. If instead the simplification relies on one of the many sedi-

ment transport relationships that scale as ∼(𝜏∗)1.5, the value for nt is 1 for both the shear stress and stream
power forms and mt depends on the scaling of drainage area and channel width with discharge and specifics
of the friction law used (Whipple & Tucker, 2002). Wickert and Schildgen (2019) argue for nt = 7∕6 and for
empirical derivation of mt.

The values of m and mt are additionally significant because the units of K and Kt depend on them. For
E = KAmSn, K has dimensions of [T−1 L(1−2m)] and for Qs = KtAmt Snt , Kt has dimensions of [T−1 L(3−2mt)].
As such we provide a methodology below to convert K to standard units.

5.5. Erosion Thresholds, 𝝎c and 𝝎t,c

Both expressions for erosion by flowing water have a critical shear stress that must be exceeded in order for
incision to occur (equations (13) and (14)). First, consider the expression for detachment-limited incision
in equation (9), which includes a threshold 𝜔c. If erosion rate is assumed to scale with shear stress, then
𝜔c = ke

(
𝜏c
)a, while if stream power is used, the threshold is 𝜔c = ke

(
𝜏cU∗

c
)a = ke

(
𝜏c
√
𝜏c∕𝜌w

)a
. Zero is

the lower bound for 𝜏c and ke is poorly constrained. a depends on the dominant mechanism of removing
material and likely ranges from 1 to 7/2 (Whipple, Hancock, et al., 2000).

An estimate of the critical shear stress for the transport limited case, 𝜏c, can be found using the Shields
equation (equation (22)). In a review of published estimates of critical Shields stress, Buffington and
Montgomery (1997) identified a range of 𝜏∗c = 0.03–0.08. When a D50 is known, this can be used to calcu-
late a dimensional value. When used in the context of the transport-limited GTL (equation (10)) the form
presented in equation (30) can be used.

There are several potential influences on 𝜔c that we neglect because they are not commonly implemented
in models on geologic timescales. These include dependence of the critical Shields stress on local bed slope
(Lamb, Dietrich, & Venditti, 2008; Prancevic et al., 2014), relative roughness (Prancevic & Lamb, 2015),
history dependence on the magnitude of prior flows (Masteller et al., 2019), variations between alluviated
and bare bedrock stretches (Ferguson et al., 2017), and dependence on the state of qs (Johnson, 2016).

For detachment-limited erosion, the critical shear stress may be higher than that in the transport-limited
case. Tucker et al. (2006) compiled values for bare and grass-covered soils, with a range of critical shear
stress values from 0.6 to over 240 Pa. Assuming the density of quartz, this corresponds to a grain size range
of 3×10−4 to over 3×10−1 m. Higher critical shear stress values are likely for unfractured bedrock. However,
Lavé and Avouac (2001) found that a value of 𝜏∗c = 0.03 was consistent with patterns of fluvial incision across
the Himalaya.

The variation in estimates for 𝜔c may reflect the variation in the mechanistic origin of the erosion thresh-
old for detachment-limited erosion. Detachment of material may occur due to plucking, entrainment, or
abrasion (Whipple, Hancock, et al., 2000). Sklar and Dietrich (2004) argue that the threshold energy for a
bedload impact to detach material is small relative to the threshold to initiate bedload transport. Thus, values
of 𝜔c that reflect common critical Shields stress for transport-limited erosion may indicate an importance of
sediment flux-dependent incision.

6. Connecting Changes in the Precipitation Distribution to Changes in K and Kt

The compilation in section 5 clearly documents the evidence that the parameters K and Kt vary across orders
of magnitude and that, as written in forms such as equation (9), these parameters include basin hydrologic
relationships. The benefit of using drainage area A instead of surface water discharge Q in GTLs for erosion
by water (equations (9) and (10)) is that hydrology need not be explicitly represented. However, erosion
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by water involves a link between climate and the evolution of Earth's surface. An important question that
remains is, how do changes in climate manifest in changes in K and Kt?

In keeping with our defined Approach and Scope, here we focus on practical efforts to use GTLs at spe-
cific location. Our aim is to describe an approach used to address this issue in the context of the case study
described in section 2.1 and in (Barnhart et al., 2020b, 2020c). In the following section we define a methodol-
ogy to estimate the hydrological parameters necessary to evaluate how K changes as a function of changing
precipitation distribution and infiltration capacity. While we only present an approach for K, we note that
a similar approach could be applied Kt, by using qs instead of E.

As discussed in section 5.3.3, precipitation is only one component in a lumped parameter like K and Kt. As
such our efforts to connect changes in the distribution of precipitation to K and Kt reflect only one part of
understanding how K is impacted by climate; nonetheless, it is an important part. We use the stochastic
hydrologic model of Rossi et al. (2016), as applied in a mathematical model of long-term fluvial erosion by
Barnhart et al. (2019). This stochastic hydrological model ties the commonly available observation of mean
daily rainfall with the geomorphically relevant value of surface water discharge.

Erosion by water is given as a function of 𝑓 (p) the precipitation distribution (described by pd, the mean daily
rainfall and c the precipitation distribution shape factor), the effective daily infiltration rate Im, and F the
fraction of days in which it rains. Recalling that Q = (p − Im)A we can write

E = F ∫
∞

Im

Kq
(

p − Im
)mAmSn𝑓 (p)dp = KqQmSn = KAmSn (32)

where Kq is the discharged-based erodibility coefficient. We note that Im is timescale dependent, and here
is defined specifically with reference to daily precipitation data.

The complementary cumulative distribution function for daily averaged precipitation intensity is described
by a stretched exponential (Rossi et al., 2016). The probability that a random variable P will be greater than
p is given as

Pr (P > p) = exp
(
−
(p
𝜆

)c)
(33)

where

𝜆 =
pd

Γ (1 + 1∕c)
(34)

and Γ() represents the gamma function. In order to connect changes in precipitation distribution with
changes in K we must evaluate the ratio between the value of K under two different precipitation regimes
at t = t0 and t = t1 defined by 𝑓0(p) and F0 and 𝑓1(p) and F1.

K1

K0
=

F0 ∫ ∞
Im

(
p − Im

)m
𝑓0(p)dp

F1 ∫ ∞
Im

(
p − Im

)m
𝑓1(p)dp

(35)

Our choice of hydrological model was heavily influenced by a need to constrain it with current and future
observations for application in the motivating case study. In contrast, Poisson pulse type models (Eagleson,
1978; Tucker & Bras, 2000) require hourly rainfall, whereas the approach proposed by Lague et al. (2005)
and DiBiase and Whipple (2011) treats discharge rather than precipitation. Recent work by Deal et al.
(2018) links the distribution of daily rainfall with fluvial incision through a more complex hydrologic model.
We do not consider this model because we lack the appropriate parameter estimates. Here we consider
only spatially uniform precipitation, though we note that prior work has identified that the spatial scale of
precipitation averaging can influence model results (Coulthard & Skinner, 2016).

As an example of constraining K1∕K0 we describe an approach tied directly to widely available data sets,
for estimating modern and future values for the mean daily rainfall pd, the precipitation distribution shape
factor c, and the intermittency F. Using equation (35) also requires a value for Im that is appropriate for a
daily timescale and an entire-watershed spatial scale. We end this section by estimating values for K1∕K0 at
the motivating case study site.
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Figure 1. Regional (a) and local (b) maps of GHCN stations used in this analysis. Red symbols show the closest stations to the study site with long, complete
records with which to estimate daily precipitation parameters. Yellow symbols show stations used to compare estimates from points to those from daily, gridded
precipitation. The Buttermilk Creek catchment is highlighted in green in (b) for reference.

6.1. Precipitation Parameters: pd, c, F

We describe an approach to estimate modern and future values of pd, c, and F using empirical analysis of
daily precipitation statistics on a subset of meteorological stations selected from the Global Historical Clima-
tology Network (GHCN) v.3.22 (Menne et al., 2012). While the parameters are site-specific, the methodology
is portable to other sites.
6.1.1. Current Values

Daily data were downloaded from the National Oceanic and Atmospheric Administration National
Climactic Data Center server (ftp.ncdc.noaa.gov/pub/data/ghcn/daily/). Within a 30-km radius of the study
watershed, there are 29 GHCN stations, six of which record more than 40 years of observations. We used five
of these six stations as representative of local hydroclimatic conditions for the study site (one was excluded
because it had less than 60% completeness from 1941–2010) (red stations in Figure 1).

Figure 2 illustrates how parametric estimates for mean daily precipitation intensity (pd), the precipitation
shape factor (c), and the fraction of wet days (F) vary in time for the two longest records (>70 years of obser-
vations) near the study watershed. The two sites are a similar distance away from the study site (Figure 1b),
yet the Franklinville station is 15% dryer than the Little Valley station. Below, we provide a more detailed
description for how parameters are estimated and how they vary in space and time.

Mean daily precipitation intensity (pd) is estimated using the average value for all nonzero days over a given
time interval. For the reference period of 1941–2010, the spatial average of pd for the five local stations (red
symbols in Figure 1) is 6.50 mm.d−1 (2𝜎 = 0.61), where station records are, on average, 79% complete. At
two of these stations, records were long enough to calculate time-varying estimates of pd (top left panel in
Figure 2) over 10-yr intervals. There is no trend in pd (mean value = 6.93 mm.d−1; 2𝜎 = 0.81) at the wetter
site (Little Valley). There is a weak decreasing trend in pd (mean value = 6.38 mm.d−1; 2𝜎 = 1.01) at the
drier site (Franklinville). The range used by Barnhart et al. (2020b) is 5–12 mm.d−1.

While the stretched exponential distribution performs well in describing the full distribution of events, we
follow the lead of Wilson and Toumi (2005) and fit the parametric model to only those events larger than
the 95th percentile (Rossi et al., 2016). This allows for the distribution to account for apparent heavy-tailed
behavior observed in some daily rainfall distributions (Laherrere & Sornette, 1998). To estimate c, we lin-
earize equation (33) by taking the natural log of both sides twice. This yields a log-transformed version
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Figure 2. Time-varying estimates (10-year intervals) of daily precipitation parameters from the two local GHCN stations (Figure 1) which have semicontinuous
records since the 1940s. Mean daily precipitation intensity (a), fraction of wet days (b), daily precipitation shape factor (c), and the completeness of the record
over each interval (d) are shown. Dashed lines show the time-averaged mean value.

of equation (33) that can be evaluated using least squares regression of empirical exceedance frequencies.
The slope of the regression line is an estimate of c. Figure 3 shows how well probability distributions are
characterized for the five GHCN stations near the study site using this approach.

For the reference period of 1941–2010, the spatial average of c for the five local stations (red symbols in
Figure 1) is 0.77 (2𝜎 = 0.03), where station records are, on average, 79% complete. At two of these stations,
records were long enough to calculate time-varying estimates of c (bottom left panel in Figure 2) over 10-yr
intervals. There is no trend in c (mean value = 0.70; 2𝜎 = 0.07) at the wetter site (Little Valley). There is also
no trend in c (mean value = 0.72; 2𝜎 = 0.11) at the drier site (Franklinville, Figure 2c). This type of regional,
multistation analysis can provide not only an estimate of the precipitation distribution's shape factor c, but
also an estimate of its uncertainty. The range used by Barnhart et al. (2020b) is 0.6–0.8.

The fraction of wet days (F) is estimated as the ratio of all days with measurable precipitation against all
days in the given record. For the reference period of 1941–2010, the spatial average of F for the five local
stations (red symbols in Figure 1) is 0.46 (2𝜎 = 0.04), where station records are, on average, 79% complete. At
two of these stations, records were long enough to calculate time-varying estimates of F (top right panel in
Figure 2) over 10-yr intervals. There is no trend in F (mean value = 0.49; 2𝜎 = 0.04) at the wetter site (Little
Valley). There is a weak increasing trend in F (mean value = 0.45; 2𝜎 = 0.11) at the drier site (Franklinville,
Figure 2a). The range used by Barnhart et al. (2020b) is 0.2 to 0.6, which represents the larger value of 𝜎 at
Franklinville.
6.1.2. Future Values

Next, we describe an approach to estimating how potential future changes in precipitation may be repre-
sented using the statistical parameters presented above. As an example, we consider changes over the 21st
century; to do so,we build on the latest suite of models coordinated by the Coupled Model Inter-Comparison
Project 5 (CMIP5) as best estimates for how climate will change through the 21st century, including changes
in precipitation (Taylor et al., 2012). Over 40 different modeling groups contributed to this effort. Given the
coarse spatial resolution of the General Circulation Models (GCMs) included in CMIP5, we adopt the down-
scaled product of Abatzoglou and Brown (2012) for CMIP5 climate projections at the site of the motivating
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Figure 3. Exceedance frequency plot shows empirical data from five local stations (points) along with the associated
best fit, parametric models. Fits are based on least squares regression of ln-transformed data larger than the 95th
percentile (dashed line)

case study. Daily precipitation for 20 of the CMIP5 models (one ensemble run only) are included in this
downscaled data product. Below, we briefly articulate the rationale for using these data and how they relate
to model projections.

Two of the more robust hydroclimatic responses to anthropogenic climate change in global models are an
increase in the magnitude of precipitation extremes (O'Gorman & Schneider, 2009; Trenberth, 2011) along-
side an increase in dryness, due to lower precipitation frequency and increased evaporative demand (Dai,
2013; Trenberth, 2011). One explanation for these seemingly disparate responses is that, for global increases
in temperature, mean annual precipitation increases more slowly than precipitation intensities (Giorgi et al.,
2011). This basic system behavior (i.e., increases in both precipitation intensities and in dry spell lengths)
is corroborated by the latest CMIP5 experiments (Lau et al., 2013). However, how this global increase in
hydroclimatic intensity translates into local or regional water balances is complex. To address this, we use
the Multivariate Adapted Constructed Analogs (MACA) daily precipitation data product (Abatzoglou &
Brown, 2012).

The MACA method is a statistical downscaling of GCMs that has shown skill in resolving heterogeneous
meteorological conditions in the contiguous United States. The success of the method lies in its multivari-
ate approach in downscaling physical variables and its reliance on synoptic-scale (historic) analogs instead
of interpolation (Abatzoglou & Brown, 2012). To train the method, a spatiotemporally uniform historic
data set is needed. In this study, we used MACAv2-METDATA daily, which was trained on the historic
gridded data set METDATA over the years 1979–2012 (Abatzoglou, 2013). Projections on trained mod-
els require specification of a Representative Concentration Pathway (RCP) that represents how humans
will alter carbon emissions throughout the 21st century. MACA downscaling has been done for two of
these pathways (RCP 4.5 and RCP 8.5). Documentation for this downscaling method can be found at
https://climate.northwestknowledge.net/MACA/. Figure 4 shows the 30-year climate normals derived for
1970–1999 (MACA historic; top panels) and 2070–2099 (MACA RCP 8.5; bottom panels). Mean annual pre-
cipitation, mean wet day frequency (>0.8 mm.d−1), and mean wet day intensity (>0.8 mm.d−1) are shown
from left to right. While there is substantial spatial heterogeneity in all three precipitation metrics due to
topography, coastal proximity, and large-scale circulation patterns, Figure 4 shows two main patterns that
have implications for climate futures: (1) mean annual precipitation increases throughout the region over
the next century; (2) increases are driven by changes in the mean precipitation intensity, with very little
change in the mean wet day frequency.
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Figure 4. Thirty-year climate normals derived from MACAv2-METDATA daily for mean annual precipitation (left), mean wet day frequency >0.8 mm.d−1

(center), and mean wet day intensity >0.8 mm.d−1 (right). Top panels are based on historic training results (1970–1999) and bottom panels are based on RCP
8.5 (2070–2099). Black crosses are locations of all GHCN stations with the two shown in Figure 2 highlighted as large stars. Tick marks on maps are in 15 mile
increments and the study watershed is shown using a bold black line.

Figure 5 shows 30-year moving averages (i.e., climatic averages) for mean precipitation, mean wet day inten-
sity (>0.8 mm.d−1), and mean wet day frequency (>0.8 mm.d−1) for two emissions scenarios (RCP 4.5 and
RCP 8.5). RCP 4.5 emissions peak in the mid-21st century and then decline. RCP 8.5 emissions rise through-
out the 21st century and represent the largest magnitude warming considered in CMIP5. Note that values
before 2006 are those trained on the historic GRIDMET data set. Figure 5 illustrates in more detail what is
driving the 100-year change in climate normals observed in Figure 4, namely, that increases in mean annual
precipitation vary in concert with increases in wet day intensity. Furthermore, this time series of climatic

Figure 5. Thirty-year moving averages of mean annual precipitation (left), mean wet day intensity (center), and mean wet day frequency (right) for the MACA
grid cell encompassing Frank's Creek. Ensemble averages (n = 20) are shown as solid red (RCP 4.5) and blue lines (RCP 8.5). Shaded areas are 1.64 times the
standard deviation of model runs representing the 5th to 95th percentile range.

BARNHART ET AL. 21 of 34



Journal of Geophysical Research: Earth Surface 10.1029/2019JF005287

averages show that increases in wet day intensity (and mean annual precipitation) stabilize midway through
the RCP 4.5 scenario and continue to increase throughout the RCP 8.5 scenario.

Based on Figure 5 we identify that at this site changes in precipitation distribution at this site are primarily
controlled by an increase of pd from 6.3 mm.d−1 to a value of 6.7 mm.d−1 for RCP4.5 or 7.0 mm.d−1 for
RCP8.5. At other sites, a similar analysis may justify changing values of F and c as well. After discussing soil
infiltration capacity, we use the estimated values to calculate K1∕K0.

6.2. Soil Infiltration Capacity, Im

The soil infiltration capacity represents the maximum sustained rate at which rainfall can infiltrate into
the soil without generating surface runoff. It is equivalent to the saturated hydraulic conductivity of surface
soil, with the caveat that use of daily precipitation means that the infiltration capacity parameter represents
an effective value: the maximum infiltration rate averaged over a day and over the area of the watershed
in question. When possible, ranges for this parameter should be informed by site-specific infiltrometer
measurements on representative materials.

An example of how Im can be estimated comes from the case study (Barnhart et al., 2020b, 2020c). Bennett
(2017) conducted 37 infiltration rate measurements at three field locations within the site area. Infiltra-
tion rates ranged widely, from 0.5 ± 0.9 mm.hr−1 on the finest-grained, most consolidated sediment, to
852.7 ± 59.6 mm.hr−1 on the coarsest-grained, least consolidated material. The ensemble average among
all measured infiltration rates was 32.8 ± 59.1 mm.hr−1. The range measured at the site is broadly consis-
tent with measured infiltration rates for glacial till in other locations, with reported ranges spanning ∼0.004
to ∼200 mm.hr−1 (∼0.4 mm.hr−1 from Strobel, 1993; ∼0.04–40 mm.hr−1 from Mohanty et al. 1994; and
∼2–200 mm.hr−1 from Ronayne et al. 2012).

In order to assess how changes in the precipitation distribution result in changes in K it is necessary to define
an infiltration capacity Im that represents a daily precipitation threshold for runoff generation at the water-
shed scale. In general, it is expected to be smaller than point-based instrumental measurements described
in the prior paragraph. We constrain Ic using mean annual storm runoff, R, in the region (0.2–0.6 m.yr−1,
with most estimates closer to the lower end; DOE & NYSERDA, 2010, Appendix F).

The mean annual storm runoff R is related to the precipitation distribution and the infiltration rate:

R = F ∫
∞

Im

(
p − Ic

)
𝑓 (p)dp (36)

To find the value for Im consistent with the estimated actual value of R = 0.2 m.yr−1, we performed numerical
integration of equation (36). Using the precipitation parameters for the reference period of 1941–2010 (pd =
6.5 mm.d−1, F = 0.46, and c = 0.77), we calculated the corresponding values of R for a range of Im from 0 to
20 mm.d−1. The value of Im that best matches R = 0.2 m.yr-1 is 15 mm.d−1 (0.625 mm.hr−1 or ∼5.5 m.yr−1.
This falls within the range of the instantaneous, at-a-point measurements reported by Bennett (2017); it is
close to the low end of that range, as expected for an effective value that applies to watershed-scale, 24-hr
precipitation.

6.3. Estimates of Changes to K

We calculate K1∕K0 using numerical integration for both the RCP4.5 and RCP8.5 scenarios. For the RCP4.5
scenario, in which F is constant at 0.48, c is constant at 0.82, Im is constant at 5.5 m.yr−1, and pd increases from
6.3 to 6.7 mm.d−1 over 100 years (6% increase), K1∕K0 at the end of 100 years is 1.14. For the RCP8.5 scenario
in which all values are the same as the RCP4.5 scenario except that pd increases from 6.3 to 7.0 mm.d−1 over
100 years (11% increase), K1∕K0 at the end of 100 years is 1.25. This analysis demonstrates the relationship
between changing mean precipitation and K.

7. Discussion
This review highlights challenges in constraining parameter ranges for landscape evolution models and
opportunities for future research. We reflect on these challenges before ending with a discussion of processes
that lack mature GTLs.
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7.1. Variability in Field and Experimental Evidence for Parameter Ranges

Across the reviewed parameters, there is considerable variability in the extent of evidence and theoretical
basis for constraining parameter values. The hillslope diffusivity D presents an example of a parameter that is
reasonably well constrained using readily available observations of topography (e.g., Richardson et al., 2019).
Although the theoretical basis for the parameter itself remains an area of active research (e.g., Anderson
et al., 2013; Furbish et al., 2009), there are a number of established methods for estimating its effective value
(see discussion in Richardson et al., 2019). The critical Shields stress is an example of a parameter that has
both a strong physical basis and a long history of empirical measurement (at least for noncohesive sediment),
and one can derive from it an effective threshold for detachment or transport of sediment in fluvial channels.

Reasonably well-constrained parameters can be contrasted with ones such as K and Kt which are challenging
to estimate and have bounds that range over orders of magnitude despite decades of study (Harel et al.,
2016). One characteristic that makes these parameters challenging is their role as catch-all coefficients that
lump together information about erosion mechanisms, climate state, basin hydrology, channel hydraulics,
and lithology. It may be tempting to unpack each of these components, as is done for Kt in equation (29).
This provides insight into sources of variability in the parameter. On the other hand, the “lumped” form
may be the only thing possible to infer from long-term observations of river incision.

The coefficient kq and scaling exponent cq which relate discharge and drainage area (equation (16)) provide
a good example of a component of Kt that highlights the challenge of connecting what is observable with
what is implied by the theoretical derivation—the link between drainage area and geomorphically effective
flood assuming steady uniform flow. Estimates for kq and cw vary depending on the summary statistic of the
discharge distribution used (Sólyom & Tucker, 2004), and the geomorphically effective flood does not occur
constantly. These examples highlight a continued need for further research connecting readily observable
quantities with parameters suitable for geomorphic timescales.

7.2. The Observation-Application Timescale Mismatch

Another challenge is the mismatch between typical observational timescales and the geologic time frames
on which many landscape evolution models are applied. The reviewed parameters include two examples.
The at-a-point infiltration rate Im is straightforward to estimate with field infiltrometer measurements (e.g.,
Blöschl & Sivapalan, 1995; Gupta et al., 1986;Gentine et al., 2012; Russo & Bresler, 1981). Yet because of
the nonlinearity inherent in the process of runoff generation, the instantaneous, point-scale infiltration rate
most often is a poor guide when it comes to estimating the effective value Im—in other words the effective
reduction in runoff and erosion due to infiltration and other losses. Instead, measurements that integrate
runoff through time and across the scale of a drainage basin may serve as a better time-averaged constraint
on this parameter (e.g., Blöschl & Sivapalan, 1995; Gentine et al., 2012; Klemes, 1983; McDonnell et al., 2007;
Sivapalan, 2003). For example, an effective Im could be estimated on the basis of the difference between
observed precipitation and event discharge, using baseflow separation to distinguish between event flow
and baseflow.

Our example of comparing soil infiltration capacity based on point-based instantaneous measurements and
inferring a value from a simple basin-scale hydrologic model illustrate this mismatch. Point measurements
ranged from nearly no infiltration to close to a meter per hour with a mean of ∼30 mm.hr−1 while the
basin-scale estimate was half that at about ∼15 mm.hr−1.

The relationship between the transport limited erosion coefficient Kt and transport formula for sediment
flux per unit width qs also suffers from a potential mismatch in timescale. Empirical estimates for bed load,
suspended load, and total load are typically derived from human timescales. Efforts to estimate the param-
eter most similar to Kt used in the SIBERIA model (called 𝛽1 in Willgoose et al., 1991a, 1991b) at the Ranger
Uranium Mine use event-scale discharge and sediment flux observation (Hancock et al., 2000; Moliere et al.,
2002; Willgoose & Riley, 1998). Yet instantaneous flume, or event-scale values for Kt may differ from the
long term “effective values” due to factors such as nonlinear averaging.

Estimates of geomorphic rates based on cosmogenic nuclide dating typically represent timescales of thou-
sands to hundreds of thousands of years, depending on the application—much longer than the timescale
of direct human observation. A potential approach to refine estimates for Kt based on observations on
geologic timescales might be combining existing constraints from cosmogenic radionuclides for basin aver-
aged denudation rates (Portenga & Bierman, 2011; Willenbring et al., 2013) with observations of discharge
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and contributing area characteristics. This approach would be similar to that done by Harel et al. (2016)
but would assume a transport-limited framework and integrate existing discharge observations. Such an
approach would not be without limitations. For example, cosmogenic radionuclide samples may be biased
due to grain size (e.g., van Dongen et al., 2019) or whether the channel is in an aggradation or degradational
phase (e.g., Tofelde et al., 2019).

7.3. The Challenge of Comparable Units

Our review of values for K and Kt in sections 5.1.4 and 5.3.3 highlights a major challenge in synthesizing
reported values: when a value for m is estimated jointly with a value for K (or mt with Kt), values for the
erodibility coefficient take on different units and the values become incomparable. Our proposed method
accomplishes the goal of converting parameter estimates for K and Kt into equivalent units, but has the
unpleasant side effect of increasing the range of estimated values by orders of magnitude. The increase in
range derives from using multiple reference slopes and drainage areas in the conversion. While this increase
in range is not ideal, the lack of a characteristic slope and drainage area necessitates such an approach. A
recommended approach to address the issue of incomparable K values is for authors who estimate K or Kt
to fit the parameter both with m or mt as a free parameter, and with a few standard reference values (e.g.,
m = 1∕2, 1/3). This would permit estimation of erodibilities with comparable units as well as the “best fit”
erodibility with a free, or otherwise determined exponent. The challenges in inconsistent units in K and Kt
come from using the exponents m or mt as fitting parameters rather than as representative of a fundamen-
tal physical relationship. Theoretical justifications can be made for some sets of exponents on the basis of
erosion mechanism, though the drainage area exponent—which controls the units of K and Kt—also incor-
porates the basin hydrology. Further, when the effect of the critical Shields stress is functionally represented
as a larger (and thus more nonlinear) exponent, we must ask, “what do these exponents even mean?”

A potential approach to address units that vary based on m and mt might be the construction of a nondimen-
sional version of A, yet this approach is immediately suspect. First, what characteristic length or area scale
is appropriate for a quantity with fractal-like qualities (e.g., Rodríguez-Iturbe & Rinaldo, 2001)? And sec-
ond, is it even appropriate to expect an exponent that includes basin hydrology to be distilled to a constant
that represents a fundamental physical relationship? We might expect a fundamental relationship to emerge
from the component of m or mt that represents the physical process by which shear stress is translated to
sediment flux—but this is only one part of the scaling exponent. Addressing these questions is beyond the
scope of this contribution. Our intention is to articulate the scope and origin of the challenge of incompara-
ble K and Kt, and highlight the need for a dimensionally consistent approach to estimating effective erosion
and transport coefficients.

7.4. Parameter Estimates, Model Assumptions, and Model-Data Fit

In undertaking this compilation we ran into a common problem in which a published effort to constrain a
parameter either used a model with assumptions that limit is applicability or in which a model-data fit was
poor. We begin by highlighting a few examples.

First, consider the contribution of Petit et al. (2009), which focused on understanding faceted
normal-fault-bounded mountain fronts. The study constrained a value for the effective hillslope diffusivity
D for steep (>20◦) facet slopes, through forward model inversion using topographic data for the Weber seg-
ment of the Wasatch Fault System, Utah, USA. The value reported for D was 0.13 m2yr−1, 4 times higher
than the highest value compiled by Richardson et al. (2019) (D = 0.04 m2yr−1 from Riggins et al., 2011).
Petit et al. (2009) considered their model fit to be good (best fitting root-mean-square values of around 175
m on a fault facet profile with over 500 m of relief). However, both experimental and field evidence indicate
that soil transport on slopes steeper than about 20◦ will tend to be more rapid than predicted by linear creep
theory, motivating the use of a nonlinear diffusion model (e.g., Andrews & Bucknam, 1987, 1999; Roering
et al., 1999, 2001). One might argue therefore that the unusually high calibrated D reflects the steepness of
the particular terrain in question, and in effect compensates for the lack of a nonlinear term in the equation
for soil creep. An estimate obtained in this manner might be considered applicable only to similarly steep
slopes.

This example points to the value of multimodel comparison. For example, in comparing multiple, alternative
river incision formula van der Beek and Bishop (2003) were able to identify some formulations that fit the
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data better than the others. If one were to reanalyze the site considered by Petit et al. (2009) with both a linear
and nonlinear model, it would be possible to discover which model provides a better fit (e.g., Roering, 2008).

In performing multimodel analysis, one is forced to confront the tradeoff between realism and analytical
complexity: parameter estimation within more complex models may be more difficult (e.g., Kirchner, 2006;
Pfister & Kirchner, 2017). In addition, all else equal, one would expect a model with more parameters to
perform better than one with fewer parameters, simply because of the greater degree of freedom to fit data;
one can compensate for this by including the number of parameters as a penalty factor in model performance
scores, as is done in several commonly used model intercomparison metrics (e.g., AIC or others described by
Burnham & Anderson, 2003). One is also forced to confront data limitations, because the ability to constrain
certain parameters usually depends on the nature of the data available. The need for a formal statement of
performance emphasizes the purpose for which a model was developed (e.g., dynamics, specific outputs).
Defining a quantitative performance metric also permits the formal comparison of models with calibrated
parameters and those for which no calibration is necessary (Hill & Tiedeman, 2007; Wilcock & Iverson,
2003).

The final example is the work of Harel et al. (2016) to estimate K using a global compilation of cosmogenic
radionuclide-based estimates of basin-averaged erosion rate. Implicit in their approach is the assumption
that basin-averaged erosion rates, which presumably reflect both gravitational hillslope processes and water
erosion processes, can be represented by the stream power expression. One might argue for application of
multimodel comparison in this context—yet this may not be feasible on the global scale. Further, it is in
undertaking such a global study that Harel et al. (2016) are able to synthesize observations at many sites to
come to conclusions that n is generally greater than 1, suggesting that a formal representation of an erosion
threshold—which would be expected to produce a similar nonlinear relationship between erosion rate and
slope gradient, and has a direct physical basis—may hold merit.

There is value in applying a deliberately simplified model, especially in the context of comparing alterna-
tive calibrated models and in interpreting where a model fails. In such an exercise, the parameters of the
simpler models are likely to lump together multiple effects (such as the combination of process-related and
material-related factors that make up lumped parameters like K and D). The calibrated values of lumped
parameters like these may be hard to interpret: the calibration indicates what values minimize model-data
misfit, but does not necessarily lend insight into why. This leads to the question: when is a parameter
estimate interpretable?

In answering this question we begin by noting that the general character of Earth surface dynamics lends
itself to “whataboutisms” of system representation: what about hydrology? what about lithology? what about
fracture spacing? what about vegetation? It seems reasonable to expect that all of these effects, and many
others, can and do contribute in some fashion to shaping landscapes. But if one's goal is to understand the
essence of a geomorphic phenomenon, then the question inevitably arises: which elements are fundamental,
and which only contribute to higher-order details? The answer, of course, depends on the target of study, the
nature of data available to test model performance, and the details of how models and data are compared.

The determination that a model for a system or phenomena is sufficient for a specific purpose is inherently
subjective. One can never rule out the possibility of achieving better accuracy in explaining or predicting a
phenomenon by adding additional layers of theoretical complexity. As a practical matter, the level of com-
plexity in a model should match the theoretical understanding of a phenomenon, the available observational
data, and the constraints of the specific problem or question the model is being used to address. Similarly,
in interpreting parameter values, one should consider how the estimation was made, whether the estima-
tion is sensitive to the details of the objective function, and under what circumstances the uncertainty in the
parameter estimate translates into uncertainty in predicting or understanding the dynamics of a system.

7.5. Difficulties in Establishing Mature and Mechanistic GTLs

In this section, we are motivated by the contrast between sediment flux dependent incision and simple
stream power incision. Despite its limitations, simple stream power incision theory is widely used. It can
clearly be categorized as a mature and usable GTL. However, the basis for it is broadly empirical. In contrast,
as described in section 5.1.2, our mechanistic understanding of sediment flux-dependent incision is much
more extensive, supported by event and seasonal-scale field observations and laboratory study.
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In its definition based on drainage area, simple stream power incision implies a level of averaging that
makes it difficult to investigate at a mechanistic level. Further, theoretical modeling studies have demon-
strated that multiple alternative complex formulations can collapse into the form of a simple stream power
(Gasparini & Brandon, 2011). In contrast, our collective ability to study the details of sediment
flux-dependent incision results in an increasingly complex understanding that makes it more difficult to
capture in a formula usable by models which may not resolve individual events or additional state variables
such as channel width.

The extensive support for the mechanisms underlying sediment flux-dependent incision only underscores
the importance of establishing mature GTLs for this process. We highlight two examples that show possible
ways forward. First, Hobley et al. (2011) perform a forward model inversion exercise that estimates the
parameters of a very generic form of 𝑓 (qs∕qc). There are some caveats to this approach—for example, it made
many simplifications that are known to impact sediment flux dependent incision, such as channel width
adjustment and within-event discharge variability. However, for long-term average rates, an “effective” form
of 𝑓 (qs∕qc) is needed. Further studies constraining such a form in well-constrained natural experiments
and connecting general forms to short-term field and laboratory efforts are needed. Second, the approach
of Deal et al. (2018) to integrate the joint expression of stochastic precipitation and stream power incision is
potentially very powerful to bridge between event and subevent scale phenomena and multiple morphology
forming event timescales.

We find an analogy to the ideal gas law useful. This expression describing the relationship between pressure,
volume, amount of substance, and temperature of a gas was originally derived empirically based on the
synthesis of existing empirical expressions by Clapeyron (1834). It was subsequently connected to statistical
mechanics and kinetic theory of gasses. While the groundwork for these disciplines lies in Bernoulli's 1738
Hydrodynamica, critical developments that led to the connection between the theoretical and empirical
occurred between the 1850s and 1910s through the work of Maxwell, Boltzman, Gibbs, and Einstein.

The stream power incision expression described in equation (9) and efforts to expression generic forms of
𝑓 (qs∕qc) are early steps toward our equivalent of an ideal gas law. Work remains to establish more robust
equations of state, understand the processes at a mechanistic level, and draw connections between these two
lines of inquiry that are appropriate to apply on long timescales. Finally, we note that a key to the success of
the ideal gas law is the scale break between individual particle and bulk behavior. It is not obvious whether
the processes that move sediment around on the surface of the Earth benefit from such a scale break.

8. Conclusions
The choice of parameter input values is an essential element using geomorphic transport laws, with impli-
cations for both the magnitude and trend of model behavior. Motivated by a multimodel application of
landscape evolution modeling, we have compiled reasonable ranges for several parameters commonly used
in this type of modeling and identified major challenges in linking parameters with observable quantities
and theoretical work.

Parameters like the hillslope diffusivity D, the soil production rate P0, and the fluvial erosion efficiency
K can be based on an extensive literature. K and Kt vary by many orders of magnitude globally. Standard
methods for estimating these two parameters result in different units, which we have converted for compar-
ison. This conversion is imperfect due to the absence of a characteristic reference area and slope. Exploring
the many approaches to estimating K and Kt highlights the challenge of estimating parameters derived
under the assumption of a“geomorphically effective” process using human-timescale observations. We pre-
sented an approach that links existing observations and climate model results to constrain precipitation
and basin hydrology parameters to understand how changes in precipitation distribution change erodibility
coefficients.

Our compilation of parameter estimates for mature GTLs in temperate hillslope and valley terrain under-
scores the extent of processes that lack such expressions. This includes shallow and deep-seated landsliding,
debris flows, nonlocal sediment transport, more complex pedogenic processes, lateral erosion and width
adjustment of rivers, and a mature form for sediment flux-dependent incision.

This synthesis serves two purposes. First, it provides a reference and starting point for future studies that
apply GTLs and need a starting point for choosing their parameter values. Second, we reflect on common
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remaining challenges in parameter estimation. These results motivate a dual effort in (a) developing theory
with parameters that can be linked with modern observations, and (b) constraining or unpacking existing
parameters.

Code and Data Availability
The creation and analysis of models presented in this three-part series was fully scripted. Instructions for
reproducing the results (which took nearly 1 million core hours to run), input files, model and analysis
code, and the model output files are available through a GlobusConnect endpoint (endpoint name:
Barnhart_WVDP_EWG_STUDY3, endpoint identifier UUID 89df0600-bd11-11e8-8c12-0a1d4c5c824a). In
addition, the input files and code are housed on GitHub (https://github.com/kbarnhart/inverting_
topography_postglacial) and archived with Zenodo (Barnhart et al., 2020a).

Notation
Names, and, where possible, dimensions for symbols used in the text (length [L], time [T], and mass [M]).
Many coefficients have units that depend on dimensionless exponents.

a Excess shear stress or stream power exponent [-]
c Precipitation distribution shape factor [-]
cq Discharge-drainage area scaling exponent [-]
cw Discharge-channel width scaling exponent [-]
𝑓 Darcy-Weisbach roughness parameter [-]
g Gravitational constant [L T−2]
ke1 Generic erodibility coefficient variable [M−a La+1 T2a−1]
ke2 Generic erodibility coefficient variable [M−a L T1−3]
k𝑓 Friction factor. For Darcy-Weisbach formula dimensions are [M L−7∕3 T−4∕3]. For Manning

dimensions are [M L−11∕5 T−7∕5]
kq Discharge-drainage area coefficient [L1−3cq T−1]
kw Discharge-channel width coefficient [L3−2cw Tcw ]
m Detachment-limited discharge or drainage area exponent [-]
mp Published estimate for m or mt [-]
mr A reference value for m or mt [-]
mt Transport-limited discharge or drainage area exponent [-]
n Detachment-limited slope exponent [-]
np Published estimate for n or nt [-]
nr A reference value for n or nt [-]
nt Transport-limited slope exponent [-]
nm Manning's n coefficient [L−1∕3 T]
p Precipitation rate [LT−1]
q surface water discharge per unit channel width [L2T−1]
q∗ Nondimensional sediment flux per unit channel width [L2T−1]
qc Volumetric sediment carrying capacity per unit channel width [L2T−1]
qh Hillslope sediment flux per unit width [L2T−1]
qs Fluvial sediment flux per unit channel width [L2T−1]
A Drainage area [L2]
Ar Reference drainage area [L2]
Bc(x, 𝑦, t) Boundary condition [LT−1]
E Modification of the topography by surface water processes [LT−1]
H Soil/mobile regolith depth [L]
D Soil creep coefficient [L2T−1]
D50 Median grain size [L]
Ds Generic grain size [L]
F Intermittency, or fraction of days in which it rains [-]
F0 Value for F for time t = t0 [-]
F1 Value for F for time t = t1 [-]
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Hs Soil production depth scale [L]
Im Infiltration rate
K Detachment limited stream power erosion coefficient [T−1 L(1−2m)]
K0 Value for K at time t = t0 [T−1 L(1−2m)]
K1 Value for K at time t = t1 [T−1 L(1−2m)]
Kc A converted value of K [T−1 L(1−2mp)]
Kp A published estimate of K [T−1 L(1−2mc)]
Kq Erodibility coefficient using Q instead of A [T−1+m L(1−3m)]
Kt Transport limited stream power erosion coefficient [T−1 L(1−3mt)]
P Precipitation rate random variable [LT−1]
Ps Soil production rate [LT−1]
P0 Maximum soil production rate [LT−1]
Q Surface water discharge [L3T−1 ]
Qs Volumetric sediment flux [L3T−1 ]
R Mean annual runoff [LT−1 ]
Rb Nondimensional buoyant density [-]
S Slope, defined as positive downward [-]
Sc Critical slope [-]
U Water velocity [LT−1]
U∗

c Critical shear velocity [LT−1]
W Channel width [L]
𝛼 Exponent on q for calculation of 𝜏 [-]
𝛽 Exponent on S for calculation of 𝜏 [-]
𝜂 Topographic elevation [L]
𝜂b Bedrock elevation [L]
𝜆 Precipitation distribution scale parameter [-]
𝜌r Density of bedrock [M L−3]
𝜌s Density of soil/regolith [M L−3]
𝜌w density of water [M L−3]
𝜏 Dimensional shear stress [M T−2 L−1]
𝜏∗ Nondimensional shear stress (Shields stress) [-]
𝜏c Dimensional critical stress [M T−2 L−1]
𝜏∗c Nondimensional critical stress (critical Shields stress) [-]
𝜃 Concavity index [-]
𝜔c Detachment erosion threshold [LT−1]
𝜔c,t Transport erosion threshold [LT−1]
Γ() Gamma function [-]
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